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The naive mode coupling–polymer reference interaction site modelsMCT-PRISMd theory of gelation and
elasticity of suspensions of hard sphere colloids or nanoparticles mixed with nonadsorbing polymers has been
extended to treat the emergence of barriers, activated transport, and viscous flow. The barrier makes the
dominant contribution to the single particle relaxation time and shear viscosity, and is a rich function of the
depletion attraction strength via the polymer concentration, polymer-particle size asymmetry ratio, and particle
volume fraction. The dependences of the barrier on these three system parameters can be accurately collapsed
onto a single scaling variable, and the resultant master curve is well described by a power law. Nearly universal
master curves are also constructed for the hopping ora relaxation time for system conditions not too close to
the ideal MCT transition. Based on the calculated barrier hopping time, a theory for kinetic gel boundaries is
proposed. The form and dependence on system parameters of the kinetic gel lines are qualitatively the same as
obtained from prior ideal MCT-PRISM studies. The possible relevance of our results to the phenomenon of
gravity-driven gel collapse is studied. The general approach can be extended to treat nonlinear viscoelasticity
and rheology of polymer-colloid suspensions and gels.
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I. INTRODUCTION

Physical gels, formed via attractive intermolecular inter-
actions, are viscoelastic amorphous materials that behave as
either solids or liquids depending on the time scale. For
model suspensions of nonadsorbing polymers and hard
sphere colloids, the origin of the interparticle attraction is the
entropic “depletion effect”f1,2g which can be exquisitely
tuned by varying the polymer and particle sizes, polymer
concentration, particle volume fraction, and solvent quality.
The equilibrium and nonequilibrium phase behavior, fluid
structure, and thermodynamic properties of such suspensions
have been extensively studied recentlyf3–20g. Experiments
find that with increasing polymer concentrationsdepletion
attractiond a fluid-fluid phase separation is first observed if
the polymer radius of gyrationsRgd to particle radiussRd
“size asymmetry ratio”Rg/R is greater than roughly 0.3f8g.
In the 0.1,Rg/R,0.3 regime, an equilibrium fluid-crystal
transition occurs for nearly monodisperse particles. IfRg
,0.1R, the dilute polymer additives generally induce a di-
rect one-phase fluid-gel nonequilibrium transition
f8–10,12,15g.

Depending on polymer concentrationscpd, particle vol-
ume fractionsf=prsD

3/6 ,D=2Rd, and size asymmetry ra-
tio, the gel may maintain its solidlike mechanical properties
for an indefinitely long time, or collapse and flow corre-
sponding to “transient gelation”f8,16,20g. At relatively low
volume fractions sf,fc,0.2–0.3d and/or close to the
fluid-gel boundarysweak depletion attractionsd, “gels” can
form as ergodic amorphous cluster deposits via kinetic ag-

gregation and sedimentationf8,9,12g, a process that gener-
ally occurs in the absence of buoyancy matching. At higher
polymer concentrations and/or particle volume fractionssf
.fcd, a nonergodic space-spanning network exists, which
may or may not collapse and densify on the experimental
time scale.

Much theoretical progress has recently been made
f21–28g toward a microscopic understanding of the ergodic-
nonergodic transition in sticky particle suspensions using the
idealized mode coupling theorysIMCTd f29g. Recent com-
bined theory-experiment studiesf10,12,13,18,30g have been
performed by Zukoski and co-workers for polymer-
nanoparticle depletion systems whereRg/R,0.1. The gel
microstructure, viscoelasticity, and gelation boundary have
been measured and compared to a hybrid theoretical ap-
proachf26g which combines the simplest “naive” version of
MCT f31g with accurate structure factor input from the two-
component polymer reference interaction site model
sPRISMd theory f5g. MCT-PRISM theory predicts effective
power law dependences of the fluid-gel boundary and elastic
modulus onRg/R, cp, andf, which are in very good agree-
ment with experimentf18,26g. Thequalitativeimportance of
many body effects beyond a dilute two-particle potential of
mean force descriptionse.g., Asakura and Oosawaf1,2gd has
been demonstratedf26,31g.

A limitation of ideal MCT is that it is primarily a theory
for the onset of strong caging and dynamical arrest. It does
not include long time ergodicity restoring processes associ-
ated with barrier hopping. For glassy fluids the ideal MCT
transition is often interpreted as signaling the transition to a
new activated dynamical regimef29,32g. Recent computer
simulations of dense sticky particle suspensions suggest the
gel state predicted by MCT has a finite lifetime due to acti-
vated hopping events which break the attractive “bond” be-
tween colloidsf33g. Long time hopping processes are likely
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a crucial elementary event for phenomena such as physical
aging, sedimentation, gel collapse, and transport in the ex-
tremely viscous regime. Recent experiments on polymer-
colloid mixtures have studied the dependence of the gravity-
driven depletion gel collapse time on system variablesf34g.
Measurements of the shear viscosity of depletion suspen-
sions find systematic dependences on polymer concentration
and volume fractionf35g.

The goal of this paper is to extend the approach of Saltz-
man and Schweizerf32g for treating activated barrier hop-
ping processes in colloidal glasses to the gelation problem.
In Sec. II the naive MCT-PRISM and activated hopping
theories are briefly reviewed. Numerical results for a “non-
equilibrium free energy” are given and analyzed in Sec. III.
Section IV presents calculations of the barrier hopping time
and kinetic gel boundaries and application to the problem of
gel collapse. The shear viscosity is studied in Sec. V. The
paper concludes in Sec. VI with a brief discussion and sum-
mary.

II. THEORY

The two-component polymer–hard sphere particle model
and PRISM theoryf4,5g, naive ideal MCTf26,31g, and the
barrier hopping approachf32g have all been discussed in
great depth in prior publications. There are three key system
parameters: the polymer-particle size asymmetry ratioRg/R,
the polymer concentrationcp or its dimensionless version
cp/cp

* wherecp
* , is the dilute-semidilute crossover concentra-

tion f36g, and the particle volume fractionf. We consider the
athermal or good solvent entropy controlled regime, which
corresponds to monomer-monomer excluded volume interac-
tions between the threadlike chains and between monomers
and particlesf5g. An version of PRISM theoryf5g that self-
consistently includes the consequences of nonlocal confor-
mational entropy effects is employed to determine the three
pair correlation functions and partial static structure factors
which are the required input to naive MCT and its activated
barrier hopping generalization.

Our focus is not on the ultrahigh particle volume fraction
regime where glassy physics is dominant and/or strongly in-
terferes with attraction-driven gelationf28g. The very low
volume fraction regime is also not of prime interest. Rather,
our main focus is the moderately concentratedsf
,0.1–0.4d and highly size asymmetricsRg/R!1d regime
where direct nonergodic fluid-gel transitions often occur.

A. Naive MCT-PRISM theory

Naive MCT f31g combined with two-component PRISM
theory f5g allows predictions of the ergodic-nonergodic gel
boundary, particle localization length, and elastic shear
modulus. A standard dynamically effective one-component
approach is adoptedf20–27,37g. The key quantity is the
long time limit of the force-force time correlation function

experienced by a single particle,Kst→`d=kfWs0d · fWst→`dl.
The long time limit of the particle displacement plays

the role of a scalar dynamic order parameter,r loc
=Îkfrst→`d−rst=0dg2l, which obeys the self-consistent
equationf32g

a =
1

12p2E
0

`

dqfq4rsĈ
2sqdŜsqdesq2/4adf1+1/Ssqdgg s1d

whereq is the wave vector,a=3/s2 r loc
2d, rs is the particle

number density, andĈsqd and Ŝsqd are theeffectivedirect
correlation functionf26,37g and dimensionless colloid col-
lective structure factor calculated fromtwo-component
PRISM theory, respectively. Equations1d determines the
polymer and particle densities that define a gel boundary as
when one nonzeroa slocalizedd solution emerges. Represen-
tative results are shown in Fig. 1. Prior work has established
that the shape of the gel boundary is a fractional power law
at relatively lowf and exponential at high volume fractions,
and the gel boundaries shift up with increasing size asymme-
try ratio f26g. For relatively low volume fractions one finds

cp
gel

cp
* = Af−y, f ø 0.2 − 0.3, s2d

where y,0.7–0.9 and is a weakly increasing function of
Rg/R, andA~ÎRg/R and varies from,0.04 to 0.17 over the
wide range of size asymmetryRg/R=0.025–0.37. At higher
volume fractions the gel boundary has an exponential form:

− lnsfd = a + bU, f ù 0.2 − 0.3,

U ;
3

2

cp
gel

cp
*

R

Rg
s3d

wherea,1, andb increases from,0.15 to 0.34 as the size
asymmetry ratioRg/R increases from 0.025 to 0.37f26g. The
quantityU is the strength at contact of the classic Asakura-
Oosawa sAOd depletion attractionf1,2g. The predicted
shapes and trends of the gel boundaries are in good agree-
ment f26g with several experimentsf9,12,16,20g under con-
ditions where sedimentation of cluster aggregates does not
occur. Calculations of the elastic modulus are also in accord

FIG. 1. Naive MCT-PRISM theory predictions of the ideal gel
transition boundaries forRg/R=0.025, 0.06, 0.09, and 0.37. Dashed
lines are power law curve fits for the lowerf region.
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with experiment where novel effective power law scalings
with Rg/R, cp, andf are predicted and observedf18,26,30g.
The importance of polymer-induced particle structural reor-
ganizations on theRg scale in determining the predictions of
MCT-PRISM theory has been explicitly documentedf26,30g.

B. Barriers and hopping transport

To treat activated processes the IMCT nonergodicity tran-
sition is interpreted as signaling the emergence of finite bar-
riers in a dynamically defined landscape and strongtransient
localization. As discussed in depth previouslyf32g, the be-
yond MCT approach has not been rigorously derived, but can
be motivated in two distinct,but equivalent in practice,
ways. Briefly, the first motivation is in the spirit of Brownian
motion or Kramers theory. The central dynamical quantity is
the scalar single particle dynamical variablerstd, the dis-
placementof a particle from a random initial location. The
second motivation is in the spirit of dynamic density func-
tional theory f38g, or time-dependent Landau-Ginzburg
theory for a nonconserved order parameterf39g, whererstd is
a particle displacement partially averagedscoarse grainedd
over space and time. The theory is based on a stochastic
equation of motion forrstd the construction of which is
guided by three ideas.s1d The short time motion is Fickian
diffusion. s2d In the absence of thermal fluctuationssnoised,
ideal MCT ‘ is assumed to correctly predict the tendency to
localize in a cage. Hence, in the deterministic limit the naive
IMCT localization condition should be recovered. This idea
guides the construction of adisplacement-dependenteffec-
tive caging force −]F /]r, which favors localization.F is
called a “nonequilibrium” or “effective” free energy but does
not have a rigorous equilibrium meaning.s3d Ergodicity re-
storing fluctuations destroy the naive MCT glass transition
via activated hopping.

The resulting nonlinear stochastic equation of motion for
rstd in the overdamped limit corresponds to a force balance
f32g:

− zs
d

dt
r −

]

]r
F + df = M

d2

dt2
r = 0 s4d

wherezs is a short time friction constant due to binary col-
lisions f40g, zs=z0gsDd, z0=kBT/D0=3pDh0 is the Stokes-
Einstein friction constant,h0 is the solvent viscosity,D0 is
the Stokes-Einstein diffusion constant, andgsDd is the con-
tact value of the particle radial distribution functionf41g. The
use of two-particle hydrodynamics to quantify the short time
friction constant yields nearly identical results for hard
sphere colloidsf32g. The white noise fluctuating force is
taken to be statistically uncorrelated with the tagged particle
position and velocity and satisfieskdfs0ddfstdl=2b−1zsdstd.
This choice is made in analogy with the stochastic descrip-
tion of the scalar dynamic variablesreaction coordinated in
Kramers theory or a nonconserved scalar order parameter of
model A of dynamic critical phenomenaf39g. In principle the
noise can be multiplicative which would be a serious techni-
cal complication. A derivation of the present approach based
on the single particle density field as the central quantity has
recently been achieved and the noise is multiplicativef42g.

Although description of the derivation is beyond the scope of
the present paper, it has been shown that Eq.s4d follows
from a contraction and closure of the equation of motion for
the density field at the simplest level of the scalar mean
square displacement. At this level the fluctuating forces are
described by the simple white noise form originally adopted
in heuristically motivated theory.

A nonequilibrium “free energy” per particlesin units of
kBTd is introduced to quantify thedifferencebetween local-
ized snonzeroad and delocalizedsa=0d states. It is con-
structed in the spirit of density functional theoryf31,32,38g:

Fsad =
3

2
ln a −

1

2p2 E dq rsq
2Csqd2 Ssqd2

1 + Ssqd

3expF− q2

4a
S1 +

1

Ssqd
DG . s5d

The leading “ideal” term favors the fluid state, and is of a
strongly localized form which is adequate for our purpose of
describing the local barrier hopping processes on the less
than one particle diameter length scalef32g. The second “in-
teraction” contribution corresponds to an entropic trapping
potential favoring localization. Minimization of Eq.s5d with
respect toa, or solution of Eqs.s4d ands5d in the absence of
noise, yields the naive MCT localization condition of Eq.s1d.
Beyond the ideal MCT gel boundary an intensive barrierFB
and local minimum and maximum appear inFsrd. An ex-
ample is shown in Fig. 2 wherecp/cp

* is the control param-
eter. Characteristic lengths include the location of the mini-
mum s“localization length” rLd, local maximum sbarrier
locationrBd, and a “diffusion length”LD, defined as the dis-
placement beyond which the interaction part of the caging
force is negligiblef32g. As polymer concentration increases
beyond the ideal MCT transition valuecp

gel, the location and
height of the barrier increase and the localization length de-
creases.

The mean first passage, or hopping, time follows from
Kramers’ theoryf43g in the high friction, overdampedsdif-
fusive barrier crossingd limit as f32g

FIG. 2. The “nonequilibrium” free energy per particlesin units
of kBTd for Rg/R=0.06,f=0.4. The ergodic-nonergodic transition
is found atcp/cp

* =0.0563, where a local minimum first emerges.
The localization lengthsrLd, barrier locationsrBd, and barrier height
sFBd are indicated.
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t

t0
=

2pgsDd
ÎK0KB

eFB s6d

where t0=D2z0/kBT is the elementary Brownian diffusion
time, gsDd is the colloid-colloid radial distribution function
at contact, andK0 andKB are the absolute magnitudes of the
well and barrier harmonic curvatures in units ofkBT/D2,
respectively. For aD=100 nm particle in toluene at room
temperaturet0,10−3 s. The use ofgsDd in the short time
friction is well established in hard sphere suspensions where
it quantifies the binary collision ratef40g. The situation for
sticky colloids is far less understood due to the potential
importance of both attractive and repulsive forces. Here we
adopt the Enskog picture that the repulsive forcessbinary
hard core collisionsd make the dominant contribution to the
short time friction with depletion attractions only enhancing
the collision rate. We have performed calculations based on
two extreme choices for the contact value: the hard sphere
Percus-Yevick resultgHSsDd, and the full polymer-induced
depletion attraction resultgsDd, determined from two-
component PRISM theory. Since the hopping time is domi-
nated by the activated barrier contribution under the condi-
tions of interest, this prefactor uncertainty introduces very
little ambiguity in our theoretical analysis; unless stated oth-
erwise all calculations employgsDd. In the highly viscous
fluid phase, the hopping time is expected to be closely cor-
related with the flow or structural relaxation time. Deep in
the gel state it reflects the typical lifetime of a “depletion
bond.”

To compute macroscopic viscoelastic properties the
Green-Kubo relations simplified by the standard MCT de-
coupling approximations are employed. The elastic shear
modulus is calculated as in ideal MCT theoryf20–29g:

G8 >
kBT

60p2E
0

`

dqSq2 ]

]q
ln SsqdD2

e−q2/2Ssqda, s7d

where the localization parametera is computed from Eq.s1d.
In the highly viscous regime the shear viscosity can be esti-
mated from a simple Maxwell modelf44g argument as

h = h` + G8t, s8d

whereh`=h0gsDd is the high frequency viscosity in the bi-
nary collision based approachf40g. Similarly, a hopping dif-
fusion constant follows from Fick’s law as

Dhop> LD
2 /6t, s9d

whereLD is simply estimated as 0.8D following prior work
f32g. A full Green-Kubo calculation of the viscosity and self-
diffusion constant also follows prior workf32g. The hopping
contribution to the friction is combined with the accurate
description of Cohenet al. for the short time “binary colli-
sions in a mean field cage” aspectf40g. The shear viscosity is
then given byf32g

h = h` +
kBT

120p2E
0

`

dq q2S ]

]q
ln SsqdD2 1

Ds
csqd

. s10d

The cage diffusion constant is

Dc
ssqd =

D0

SsqdfgsDddsqd−1 + szhop/z0dg
s11d

where dsqd=f1− j0sqDd+2j2sqDdg−1, jksxd is the spherical
Bessel function of orderk, and the friction constant is a sum
of the short time and hopping contributions,

zhop= kBT/Dhop= 6kBTthop/LD
2 . s12d

No adjustable parameter calculations of the relaxation time,
shear viscosity, self-diffusion constant, and other quantities
have been previously shown to be in good agreement with
experiments on glassy hard sphere suspensions up tof
,0.57–0.58f32g.

III. NONEQUILIBRIUM FREE ENERGY

In this section numerical results are presented for the
characteristic length and energy scales ofFsrd. Emphasis is
placed on identifying the dimensionless variablessd that re-
sult in a master curve for the barrier and dynamic prefactor
in Eq. s6d.

A. Length scales

The location of the minimum ofFsrd, or the localization
length of MCT, rL, is shown in Fig. 3sad as a function of
polymer concentration normalized by the MCT gel value for
several different volume fractions and size asymmetry ratios.
Nondimensionalization ofrL by the polymer radius of gyra-
tion scharacteristic range of depletion attractiond, and poly-
mer concentration by its ideal MCT gel transition value, re-
sults in a rather good collapse for fixed volume fraction. As
previously discussedf26g, the localization length decreases
as a power law with reduced polymer concentration,

rL ~ scp/cp
geld−v s13d

with v,2–3 forcp/cp
gel.1.05. This behavior is the origin of

the MCT-PRISM theory prediction of a power law concen-
tration dependence for the elastic shear modulusf18,26,30g.

Figure 3sbd shows that the dependence of the barrier lo-
cation rB on system parameters is very different from that
found for the localization length. With increasing polymer
concentration or volume fraction the barrier locationin-
creases, and hence the “jump distance” from the minimum to
the barrier maximums“transition state”d increases as the gel
state is more deeply entered. In contrast to the localization
length, nondimensionalization of the barrier location byRg
does not result in a near collapse of the results. Nondimen-
sionalization by the particle diametersnot shownd yields a
plot that is qualitatively the same as Fig. 3sbd.

Physically, the barrier location can be interpreted as the
displacement which most severely distorts the local struc-
ture. For sticky colloids, this distance is influenced by both
the short range depletion attraction and the hard core repul-
sive forces. The relevance of two length scales qualitatively
rationalizes the numerical calculations which find the mag-
nitude of the barrier location is considerably larger thanRg

but smaller than a particle radius. For example, forcp/cp
gel

,2 andf=0.4, the barrier location in units of the colloid
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diametersRgd is approximately 0.14s11d, 0.2 s6d, and 0.25
s5d for Rg/R=0.025, 0.06, and 0.09, respectively. In contrast,
for glassy hard sphere fluidsf32g the barrier location varies
from ,0.25 to 0.4 particle diameters as the volume fraction
increases from 0.52 to 0.62. This suggests that the most un-
favorable displacement in depletion gels is determined as a
compromise between breaking the depletion attraction
“bond” and disturbing the repulsive force aspects of cage
structure. Evidence is presented in Fig. 3scd that the latter

aspect is most important deep in the gelshigh cp/cp
geld where

the barrier location becomes nearly independent of the size
asymmetry ratiosrange of depletion attractiond.

B. Barrier height

Figure 4 shows the barrier as a function of reduced poly-
mer concentration multiplied by the inverse size asymmetry
ratio; the abscissa has the same polymer concentration and
size asymmetry dependence as the classic AO modelf1,2g
for the contact depletion attraction strength. Results for a
wide range of colloid volume fractions and three size asym-
metry ratios are given. At fixedcp/cp

* the barriers get larger
with increasingsdecreasingd f sRg/Rd. This trend simply re-
flects the ease of gelation at the ideal MCT levelsFig. 1d.
Qualitatively the same dependencies ofFB on cp/cp

* are ob-
tained for differentf or Rg/R suggesting an underlying sim-
plicity exists.

Our search for a scaling variable that can collapse the
results in Fig. 4 is motivated by the relevance of polymer
concentration compared to its critical MCT valuescp

−cp
geld /cp

* . Figure 5 shows that the composite variablex de-
fined as

x = AsfdsRg/Rd−3/4scp − cp
geld/cp

* s14d

results in an excellent collapse of all the barrier height cal-
culations. The shift factor in Eq.s14d is well described by a
quadratic function

Asfd , 13.5f + 15.6f2, s15d

with deviations of less than 10%. Moreover, the master curve
can be represented as a simple power law:

FB = 1.35x1.46. s16d

This two-parameter representation is not unique; a parabolic
fit snot shownd works nearly as well:

FB = 1.3x + 0.29x2. s17d

Equationss14d and s16d imply a roughly linear dependence
of the barrier on inverse size asymmetry ratio,FB~R/Rg.

FIG. 3. sad Reduced particle localization length as a function of
cp/cp

gel for Rg/R=0.025ssolid linesd, 0.06 sdashed linesd, and 0.09
sdot-dashed linesd and volume fractions off=0.1 scirclesd, 0.2
ssquaresd, and 0.4sdiamondsd. sbd Barrier location in units of the
polymer radius of gyration as a function ofcp/cp

gel for the same
conditions as insad. scd Barrier location in units of the hard sphere
diameter as a function ofcp/cp

* for the same conditions as insad.

FIG. 4. Barrier heightsin units of kBTd for Rg/R=0.025ssolid
linesd, 0.06 sdashed linesd, and 0.09 sdot-dashed linesd and f
=0.06scrossesd, 0.1 scirclesd, 0.2 ssquaresd, 0.3 sdiamondsd, and 0.4
strianglesd as a function ofscp/cp

* d sR/Rgd.
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This trend is analogous to the simple Asakura-Oosawa model
result for the contact depletion attraction of two large col-
loids dissolved at infinite dilution in an idealsdiluted polymer
solution f1,2g

WAO =
3

2

cp

cp
*

R

Rg
. s18d

However, the nonlinear dependence of the barrier on poly-
mer concentration, and strong dependence on colloid volume
fraction, have no counterpart in the AO model. Physically, an
increasing barrier with volume fraction makes sense in terms
of the number of “bonded” neighbors or a sticky coordina-
tion numbersnumber of neighbors within the depletion at-
traction rangeRgd which PRISM calculationssnot shownd
find increases monotonically withf in a manner qualita-
tively described by Eq.s15d.

C. Dynamical prefactor

The well sK0d and barriersKBd curvatures enter in the
prefactor of the hopping time in Eq.s6d and depend on all the
system variables. Multiple calculationssnot shownd find that
K0,1/r loc

2 sas previously found for hard sphere suspensions
f32gd, which implies the well curvaturegrowsstrongly with
polymer concentration as a power law with exponents
,4–6. The barrier curvaturedecreasesin a power-law-like
fashion asscp/cp

geldn, but more weakly sincen,−2 to −3.
The dynamical prefactor also involves the contact value of
the particle radial distribution function, which increases
rather gently with polymer concentration, particle volume
fraction, and size asymmetry due to enhancement of the
depletion-driven local particle clustering processf5g.

To facilitate a compact representation of our numerical
results in a form most appropriate for comparison with ex-
periment, we have searched for empirical representations of
our many calculations of the prefactor. For several size
asymmetry ratios, volume fractions, and polymer concentra-
tions not too close to the ideal MCT boundary, Fig. 6 shows
that the dynamical prefactor roughly follows the scaling

gsDd
ÎK0KB

~ Scp

cp
* D−3/2

f−2SRg

R
D2

. s19ad

Clearly the dependence of the prefactor on system variables
is far weaker than the exponential behavior of the barrier
contribution to the hopping time. We do not claim the scaling
in Eq. s19ad is unique, but the level of collapse it affords is
meaningful since the barrier ranges from,1 to 25 over the
range of system parameters that define the abscissa in Fig. 6.

We have also empirically discoveredsplots not shownd an
alternative representation of the dynamical prefactor in terms
of the polymer concentration reduced by its value at the ideal
MCT gel transition and the composite variablex in Eq. s14d.
This representation is primarily of theoretical interest, and is
given by

1
ÎK0KB

= SRg

R
D2

s1.8 + 20xd−1,

gsDd = a1 + a2x,

a1 ; 2sRg/Rd2/5f−3/5,

a2 ; sRg/Rds3.4 + 4f + 20f2d. s19bd

IV. LONG TIME DYNAMICS

By combining Eqs.s6d, s14d–s16d, ands19bd, an approxi-
mate but rather accurate “universal expression” for the hop-
ping time can be written down. However, such a collapse
onto a master curve requires knowledge of the difference
between the polymer concentration and its ideal MCT gel
boundary value. The latter generally cannot be unambigu-
ously extracted from experimental data. Hence, in this sec-
tion we first present model calculations of the hopping time
in a format relevant to experiment.

A. Activated hopping time

Numerical results are given in Fig. 7 for the dimension-
less hopping timet /t0 as a function ofcp/cp

* , over a wide

FIG. 5. Master plot of the barrier height as a function of the
reduced variablex=Asfd sR/Rgd0.75 scp−cp

geld /cp
* for Rg/R=0.025,

0.06, 0.09 over the volume fraction rangef=0.06–0.4. The solid
line is the two-parameter curve fitFB=1.35x1.46.

FIG. 6. Dynamical prefactor as a function of a composite vari-
able for the several indicated values of volume fraction and size
asymmetry ratio, and a range of reduced polymer concentrations. A
rough linear correlation is found.
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range of volume fractionssf=0.06–0.4d and three size
asymmetry ratios. Figure 7sad constructs a master curve for
the polymer concentration and particle volume fraction de-
pendences at afixedsize asymmetry ratio. The concentration
has been rescaled by a volume fractionsbut Rg/R indepen-
dentd function which empirically collapses all the volume
fraction results,

Gsfd = 0.5 + 7.8f + 27f2. s20d

This shift function differs from its counterpartAsfd for FB in
Eq. s15d due to the contributions from the dynamical prefac-
tor in Eq. s6d. Beyond the low barrier regimesroughly t /t0
.10–50d, the hopping time is an exponential function of
reduced polymer concentration, and nearly an exponential
function of volume fraction. The corresponding slope of the
log-linear plots systematically increase with decreasing
Rg/R.

Figure 7sbd shows that the slope variations of the hopping
time in Fig. 7sad can be collapsed over eight or more orders
of magnitude variation by rescaling the control variable by
the inverse size asymmetry ratio raised to the,3/4 power.
This results in curves of nearly identical shape given by

lnst/t0d = Q + c1Gsfd
cp

cp
* S R

Rg
D3/4

; Q + Feff s21d

wherec1,4.2 is a numerical constant, and an “effective bar-
rier” Feff has been defined. The latter is a meaningful inter-
pretation since Fig. 7sbd shows thatQ is aconstantpreexpo-
nential factor, which is essentially identical forRg/R=0.06
and 0.09sQ,−26.5d and modestly smaller for theRg/R
=0.025 sQ,−30.5d. The very small value ofQ is not sur-
prising since it represents an “apparent” prefactor only, not a
physical property; the important point is thatQ is nearly
constant, independent of all system variables. The shapes of
all three “master curves” in Fig. 7sbd are virtually identical,
and theRg/R=0.025 results can be collapsedsnot shownd
onto the other two sets of calculations by either a rigid up-
ward shift, or modest change of the fractional exponent in
the size asymmetry ratio dependence from 0.75 to 0.68.
Equationss20d and s21d are of practical importance since
experiments cannot separate contributions from the dynami-
cal prefactor and barrier to the observed relaxation time.
Since Kramers theory is only valid for barriers in excess of
kBT, Eq. s21d applies over essentially the entire regime of
validity of the calculation.

It is interesting to note that the form of the effective bar-
rier in Eq. s21d is qualitatively identicalssimilard to the AO
contact value of Eq.s18d, or the dilute particle limit of
PRISM theory resultf5g of s27/8dsR/Rgdscp/cp

* d, with re-
gards to the polymer concentrationsinverse size asymmetry
ratiod dependence. Moreover, in the dilute limit the numeri-
cal prefactor of the effective barrier isc1G,2, again close to
the AO result. We do not have a deep understanding of these
surprising simplicities since Eq.s21d emerges from the nu-
merical calculations as the combined consequence of the bar-
rier and dynamical prefactor in Eq.s6d. In an attempt to gain
more insight and explicitly make qualitative contact with the
analog of the AO “effective pair potential” between particles,
we consider the integral equation version of a renormalized
pair attraction strength which includes many body effects:
the effective direct correlation function at contactCeffsr
=Dd. Figure 8 shows that over a wide range of volume frac-

FIG. 7. sad Activated hopping timesin units of the elementary
Brownian timed as a function ofGsfd cp/cp

* for Rg/R=0.025
scirclesd, 0.061 ssquaresd, and 0.09sdiamondsd over the rangef
=0.06–0.4.Gsfd is defined by Eq.s20d. Solid lines are exponential
fits. sbd Same data as insad but plotted as a function ofGsfdscp

/cp
* dsRg/Rd0.75. Solid lines are exponential fits.

FIG. 8. The contact value of the effective interparticle direct
correlation function scaled byscp/cp

* dsR/Rgd as a function of vol-
ume fraction for Rg/R=0.025 scirclesd and 0.09 ssquaresd. The
dashed line is an exponential fit.
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tionsCeffsr =Dd is strongly correlated with the AO-like mea-
sure of depletion strengthsR/Rgdscp/cp

* d. Of course, in con-
trast to the dilute particle theoriesCeffsr =Dd increases with
volume fraction in a manner that can be fit in many ways
including a low order polynomial or the exponential law
shown in Fig. 8. A naive interpretation in the AO language
might be thatCeffsr =Dd / fs1.5R/Rgdscp/cp

* dg quantifies the
“number of contact depletion bonds” per particle. Adopting
this perspective, the results in Fig. 8 imply the physically
reasonable result of 2–5 “bonds” per particle as the volume
fraction increases from,0.1 to 0.4.

B. Kinetic gelation boundaries

Prior work has suggested the naive MCT-PRISM ap-
proach can provide a surprisingly good description of the
shape, and even the quantitative location, of experimental
fluid-gel boundariesf26g. However, if the crisp MCT singu-
larity is destroyed and replaced by a barrier hopping process
then, in analogy with a glass transition, a gelation boundary
can only be defined kinetically as when the relaxationshop-
pingd time exceeds a characteristic experimental time scale.
The question then arises: how different will such kinetic gel
boundaries be compared to their ideal MCT analogs? This
issue can begenericallyexplored using Eqs.s6d, s14d, and
s15d ands19d. to define a kinetic gel boundary analytically as
when the hopping time exceeds a prescribed experimental
time scale. The kinetic gel boundaries thus defined will de-
pend to some degree on material-specific factors such as col-
loid size, solvent viscosity, and all the system parameters that
determine the effective barrier and dynamic prefactor.

A numerical example relevant to recent experiments is
given in Fig. 9 forRg/R=0.06. A value oft0,0.0057 s is
chosen which corresponds to,100 nm diameter silica nano-
particles in decalin at room temperaturef12,13g. The kinetic
gel boundary is defined as when the hopping time equals a
selected time scale ranging from one minute to one year. The
kinetic gel boundaries necessarily occur at higher reduced
polymer concentrations than the naïve MCT predictions, but
only by a factor of 2–3 over a wide range of volume frac-

tions. The modest nature of the gel boundary shifts reflects
the rapid growth of the barrier with polymer concentration.
Moreover, the shape of the kinetic gel boundaries is nearly
identical to the results of Eqs.s2d and s3d. For example, the
kinetic gel boundaries follow the power law form in Eq.s2d
with slightly s,10%d larger effective exponents. Hence, na-
ive MCT appears to be a reliable approach for predicting the
shape and location of kinetic gel boundaries, and the previ-
ously demonstrated good agreement with experimentf26g for
this aspect is not fortuitous.

C. Gel collapse

Kilfoil et al. f34g have recently studied the effect of aging
and gravity-driven gel collapse for a large colloidssilicad–
biopolymerscarboxymethylcellulosed suspension. The silica
radius is 250 nm, implying a Brownian time oft0,1 s. The
polymer molecular weight was 60 000, butRg was not re-
ported; avery crude estimate might be,6 nm which would
yield R/Rg,40. The time scalet for the onset of gel col-
lapse was measured as function of polymer concentration for
five samples with volume fractions in the rangef
=0.06–0.2. The characteristic collapse times fall in the range
of 10–700 h. The question is whether our barrier hopping
time is relevant to these experiments as an initial event that
triggers gravity-driven macroscopic gel collapse.

Experiments find the gel collapse time increases dramati-
cally with increasing polymer concentration andf. For fixed
colloid volume fraction,t depends exponentially on polymer
concentration,t,t0 expfbsfdcpg, in agreement with Eq.
s21d and the results in Fig. 7. The effect of volume fraction
on the polymer concentration dependence was described by
an empirical functionbsfd which was found to be a linear
function of volume fraction for the four samples in the range
f=0.1–0.2. This implies an exponential dependence of the
gel collapse time on colloid volume fraction, again in agree-
ment with the results of Fig. 7. For thef=0.06 samplebsfd
was roughly the same as for thef=0.1 sample. This obser-
vation is puzzling. For a truly nonergodic gel we do not
expect the hopping time should be independent of volume
fraction. Whether it reflects new physics is important at very
low volume fractions, such as a different cluster structure of
the gel, hopping or depletion bond breaking not being the
rate limiting step for macroscopic gel collapse, or strong hy-
drodynamic effectsssolvent flowd, is unclear.

It seems useful to try to check if the theory can rationalize
the order of magnitude of the observed collapse times. For a
20% volume fraction suspension with 0.5% polymer by
weight scorresponds roughly tocp/cp

* ,0.2 f45gd the collapse
time is ,700 h ,23106 s. From Fig. 7, for this volume
fraction, t0,1 s, and assumingR/Rg=40, we find t /t0
,102–109 s for cp/cp

* ,0.16–0.25. Sincecp
* ~Rg

−3, the lat-
ter range ofcp/cp

* follows from only a,15% variation ofRg.
The hopping time is extremely sensitive to reduced polymer
concentration due to the exponential dependence in Eq.s21d;
it also is predicted to increase strongly withR/Rg. Thus,
accurate knowledge ofRg is necessary input to quantitative
predictions of the theory via both theRg/R ratio and cp

* .
Hence, given the absence of accurate experimental knowl-

FIG. 9. Kinetic fluid-gel boundary forRg/R=0.06 defined as
when the hopping time equals 1 minutessquaresd, 1 daystrianglesd,
and 1 yearsinverse trianglesd for an elementary Brownian time of
t0=5.7 ms. The ideal MCT gel boundaryscirclesd is shown for
comparison.
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edge ofRg and how nonadsorbing on silica this biopolymer
is, definitive quantitative conclusions are problematic, but it
does seem the absolute magnitude of computed hopping
times are plausible. More experiments are needed on well
characterized model polymer-colloid suspensions, and the
role of polymer-particle size asymmetry ratio needs to be
established.

V. SHEAR VISCOSITY

The shear viscosity of polymer-colloid suspensions has
been computed using the PRISM and barrier hopping theo-
ries plus Eqs.s10d–s12d over the same wide range of polymer
concentrations, colloid volume fractions, and size asymmetry
ratios studied in Secs. III and IVf46g. Figure 10sad fFig.
10sbdg shows a log-linear plot of the viscosity over nearly
eight orders of magnitude variation as a function of volume
fraction spolymer concentrationd for three values of the size
asymmetry ratio. In all cases, a relatively weak increase of
the viscosity near the MCT gel boundary is followed by a
smooth, but rather sharp, crossover to a much stronger de-
pendence.

The numerical results can be described in many ways. A
two-exponential regime interpretation of the volume fraction
dependences is plausible. Figure 10sad shows that the highest

5–6 orders of magnitude are rather well fitted as,expslfd;
the “activation” prefactor for different polymer concentra-
tions and size asymmetry ratios fall in the range ofl
,170–260. As true for the dimensionless hopping time in
the format of Eq.s21d, the numerical prefactor is very small.
The data in Fig. 10sad can also be collapsed rather well by
empirical horizontal rescaling of the volume fractionsnot
shownd, but the required scaling factor is not simply related
to polymer concentration, size asymmetry ratio, nor the ideal
MCT gel volume fraction.

Figure 10sad also demonstrates that an alternative
stretched exponential function very accurately describes
seven or more orders of magnitude of the high viscosity
regime data

h

h0
= C expsbfDd s22d

where C,0.006–0.06 andb,1900±600. Curiously, we
find the best fit effective stretching exponent is remarkably
well described by a linear function of the ideal MCT gelation
volume fraction:D=2.0+10.4fgel. Hence, an interesting and
potentially testable correlation between the volume fraction
dependence of the viscosity and the absolute magnitude of
the ideal gelation volume fraction is predicted.

Figure 10sbd shows that the concentration dependence of
the viscosity can also be interpreted in a two-regime manner.
Moreover, if the polymer concentration is nondimensional-
ized by its ideal MCT gel value, then a nearly universal
master curve is found forf,0.1–0.35snot all shown in the
figured. The high viscosity regime can again be well fitted
over many orders of magnitude by a stretched exponential

h

h0
~ expFdS cp

cp
gelDmG s23d

wherem,2.3 and is largely insensitive to volume fraction or
size asymmetry ratio, andd,3.6 over a range of volume
fractions. However, systematic deviations from this nearly
universal behavior emerge at the highest volume fraction of
40% in a manner that depends strongly on the size asymme-
try ratio. This might reflect interference between the conse-
quences of depletion attraction and repulsive force caging
effects which become increasingly important as the glassy
volume fraction regime is approachedf29g.

All the numerical viscosity results in the three-
dimensional parameter space of volume fraction, polymer
concentration and size asymmetry ratio have been plotted in
multiple ways in an attempt to discover an underlying sim-
plicity. Given the dominance of the hopping friction in Eqs.
s10d–s12d for the viscosity, and the central role played by the
barrier in determining the hopping time, a strong exponential
correlation between viscosity and barrier seems likely. This
is explicitly demonstrated in Fig. 11. A near collapse of all
the viscosity results is found beyond the threshold regime
flow barrier FB, s3–5dkBTg. The corresponding master
function is

FIG. 10. Relative viscosity as a function ofsad colloid volume
fraction and sbd reduced polymer concentration. Solid lines are
stretched exponential fits and dashed lines are simple exponential
fits. Dotted lines insbd are only guides to the eye.
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h

h0
~ f

Rg

R
Scp

cp
* D−1.5

expsFBd. s24d

The simple form of the prefactor is not easy to understand
since many factors enter in its determination including the
well and barrier curvatures, the short time friction constant,
and the structure factor and its derivative which quantify the
“vertex” and Debye-Waller factor in the Green-Kubo expres-
sion Eq.s10d. Apparently, the rather significant dependence
of each of these different factors onf, size asymmetry ratio,
and polymer concentration largely cancels out resulting in
the weak prefactor dependences in Eq.s24d. Use of the sim-
pler Maxwell model expression for the viscosity in Eq.s8d
yields qualitatively identical behavior as found for the
Green-Kubo based analysis.

By combining Eqs.s14d–s16d with Eq. s24d an analytic
expressionfor the dependence of the viscosity on the three
material control parameters is obtained which should be use-
ful for interpreting experiments. Buscallet al. f35g have
measured the shear viscosity of model polymer-colloid
depletion systems over many orders of magnitude and find
an exponential dependence on polymer concentration which
is qualitatively consistent with our theoretical results. Al-
though we have not computed the self-diffusion constantDs,
this is easily done using the results of this paper and prior
work f32g. Previous studies of glassy hard sphere suspen-
sions with the present Green-Kubo based approach found a
Stokes-Einstein-like behavior holdsf32g, soDs,h−1 is also
expected for the depletion systems. Of course, “dynamic het-
erogeneity”f47g, associated with a mesoscale domain picture
and/or fluctuations in the barrier hopping time beyond the
mean first passage time Kramers approach, has not been ex-
plicitly taken into account. The barrier hopping theory has
been generalized to include both the former aspectsand ap-
plied to hard sphere suspensionsd f48g, and the latter aspect
based on numerical solution of the full stochastic theory of
Eq. s4d f49g.

VI. DISCUSSION AND SUMMARY

The microscopic naive MCT-PRISM theory of depletion-
driven particle gelation has been extended to treat the emer-
gence of barriers and activated transport. The barrier makes
the dominant contribution to the hopping ora relaxation
time and shear viscosity, and is a rich function of the deple-
tion attraction strength via the polymer concentration,
polymer-particle size asymmetry ratio, and particle volume
fraction. The dependence of the barrier on these control pa-
rameters can be accurately collapsed onto a single scaling
variable, and the resultant master function is well described
by a simple power law. Given the ability to treat activated
events and long time transport processes, a theory for kinetic
gel boundaries has been formulated and applied to interpret
the phenomenon of delayed gel flow and collapse. The form
of the kinetic gel lines is qualitatively the same as obtained
from prior naive MCT-PRISM studiesf26g. Hence, the pre-
viously documented good agreement of naive MCT-PRISM
predictions for fluid-gel boundaries and the elastic shear
modulus with experiments is not destroyed by the introduc-
tion of barriers and hopping transport. The “onset” of slow
dynamics, and the elastic modulussor the localization
lengthd of the transient nonergodics“caged”d state, are ex-
pected to be well described by ideal MCT.

As true of all prior MCT type theories, there are potential
limitations of our approach. These include the role of global
gel connectivity, percolation, fractal or dense aggregate for-
mation, gravity-induced sedimentation, hydrodynamics,
and/or metastable phase separation boundaries. In any spe-
cific real material these poorly understood effects may or
may not be important. We believe these complications are
most relevant for relatively low volume fraction suspensions
which have not been buoyancy matched.

A dynamical theory for quantities such as the colloid
mean square displacement, distribution of hopping times,
non-Gaussian parameter, and incoherent dynamic structure
factor has not been worked out. However, this is not a fun-
damental limitation and can be addressed by employing
Brownian dynamics simulation to solve the nonlinear sto-
chastic Langevin equation of the theory; work in this direc-
tion is in progressf49g. Finally, the methods and ideas de-
veloped in this paper can be generalized to treat nonlinear
viscoelasticity of depletion gels and phenomena such as
yielding, strain softening, and shear thinning. Such a gener-
alization was recently carried out for glassy hard sphere sus-
pensionsf50g, and its application to depletion gels will be
reported elsewheref51g.
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FIG. 11. Natural log-linear plot of the viscosity multiplied by
the indicated scaling prefactor as a function of barrier height for a
wide range of size asymmetry ratios, volume fractions, and reduced
polymer concentrations. For a fixed volume fractionspolymer con-
centrationd different points correspond to different polymer concen-
trationssvolume fractionsd.
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