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Barrier hopping, viscous flow, and kinetic gelation in particle-polymer suspensions
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The naive mode coupling—polymer reference interaction site m@d€IT-PRISM) theory of gelation and
elasticity of suspensions of hard sphere colloids or nanoparticles mixed with nonadsorbing polymers has been
extended to treat the emergence of barriers, activated transport, and viscous flow. The barrier makes the
dominant contribution to the single particle relaxation time and shear viscosity, and is a rich function of the
depletion attraction strength via the polymer concentration, polymer-particle size asymmetry ratio, and particle
volume fraction. The dependences of the barrier on these three system parameters can be accurately collapsed
onto a single scaling variable, and the resultant master curve is well described by a power law. Nearly universal
master curves are also constructed for the hopping i@laxation time for system conditions not too close to
the ideal MCT transition. Based on the calculated barrier hopping time, a theory for kinetic gel boundaries is
proposed. The form and dependence on system parameters of the kinetic gel lines are qualitatively the same as
obtained from prior ideal MCT-PRISM studies. The possible relevance of our results to the phenomenon of
gravity-driven gel collapse is studied. The general approach can be extended to treat nonlinear viscoelasticity
and rheology of polymer-colloid suspensions and gels.
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I. INTRODUCTION gregation and sedimentatid8,9,12, a process that gener-
Physical gels, formed via attractive intermolecular inter—aIIy occurs in the absence of buoyancy matching. At higher
y geis, olymer concentrations and/or particle volume fractioms

actions, are viscoelastic amorphous materials that behave %s(ﬁ) a2 noneraodic space-spanning network exists. which
either solids or liquids depending on the time scale. For_ "¢" 9 P P Y '

model suspensions of nonadsorbing polymers and hartWay or rlnay not collapse and densify on the experimental
sphere colloids, the origin of the interparticle attraction is the Imlsl Scﬁ efh tical h v b q
entropic “depletion effect]1,2] which can be exquisitely uc eoretical progress nas recently been made

tuned by varying the polymer and particle sizes, polymel[Zl_Za to_ward a_r_nicr_oscqpic unde_:rstanding Of. the ergodic-
concentration, particle volume fraction, and solvent quality.nonergOOIIC transition in sticky particle suspensions using the

The equilibrium and nonequilibrium phase behavior, fluid!de@lizéd mode coupling theoyMCT) [29]. Recent com-

structure, and thermodynamic properties of such suspensiort?éned theory—expenmen; studigs0,12,13,18,3Phave been
have been extensively studied recenf®y20. Experiments performe_d by ZUKOSK' and co-workers for polymer-
find that with increasing polymer concentrati¢depletion ne}nopartlcle dep_letlon systems WhER@/R.<0'1' The gel
attraction a fluid-fluid phase separation is first observed jf microstructure, viscoelasticity, and gelat|or! boundary have
the polymer radius of gyratioR,) to particle radius(R) been measured and compared to a hybrid theoretical ap-

v - . proach[26] which combines the simplest “naive” version of
size asymmetry ratioRy/R is greater than roughly 0[3]. . X i
In the 0.1<R,/R<0.3 regime, an equilibrium fluid-crystal MCT [31] with accurate structure factor input from the two

- ; : component polymer reference interaction site model
transition occurs for nearly monodisperse particlesRyf . :
<0.1R, the dilute polymer additives generally induce a di- (PRISM) theory [5]. MCT-PRISM theary predicts effective

. ._ e ... power law dependences of the fluid-gel boundary and elastic
Egitlo 102ni£hase fluid-gel  nonequilibrium - transition modulus onRy/R, ¢, and ¢, which are in very good agree-
Deben,ding on polymer concentratidn,), particle vol- ment with experimenitl8,26. The qualitativeimportance of

ume fraction(é=mpD3/6,D=2R), and size asymmetry ra- many body effects beyond a dilute two-particle potential of

tio, the gel may maintain its solidlike mechanical properties[)neeee:]n ;g;ﬁgndsirs;t:[gg)gﬂg" Asakura and Oosaya,2)) has

for an indefinitely long time, or collapse and flow corre- A limitation of ideal MCT is that it is primarily a theory

sponding to transient gelatiorf8,16,20. At relatively low for the onset of strong caging and dynamical arrest. It does
vo!ume fractions (¢ < d)CNO'Z__O‘a and/qr CI?SG Eo the not include long time ergodicity restoring processes associ-
fluid-gel bouno_lary(weak depletion attract|o_ms 9.8|S. €an  ated with barrier hopping. For glassy fluids the ideal MCT
form as ergodic amorphous cluster deposits via kinetic aggnsition is often interpreted as signaling the transition to a
new activated dynamical regim®9,32. Recent computer
simulations of dense sticky particle suspensions suggest the
*Present address: Department of Chemical and Biological Engigel state predicted by MCT has a finite lifetime due to acti-
neering, University of Wisconsin—-Madison, Madison, Wisconsin. vated hopping events which break the attractive “bond” be-
TCorresponding author. Electronic address: kschweiz@uiuc.edu tween colloidg33]. Long time hopping processes are likely
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a crucial elementary event for phenomena such as physical 3 T T T
aging, sedimentation, gel collapse, and transport in the ex- ? \ T
; ; i 2.5H R /R=0.025 -
tremely viscous regime. Recent experiments on polymer- b o R/R
colloid mixtures have studied the dependence of the gravity- R o l‘}’“:gg
driven depletion gel collapse time on system varialpg4. 2™ \ v RS/R=o'37 7
Measurements of the shear viscosity of depletion suspen- * ‘,l'* ‘\( v RJR
sions find systematic dependences on polymer concentration %n 1 5"‘\\ \ 7
and volume fractiorf35]. Al \\
The goal of this paper is to extend the approach of Saltz- 1%\\3\ o~ 7
man and Schweizdi32] for treating activated barrier hop- [ &% - \;\\
ping processes in colloidal glasses to the gelation problem. 05 \;\5:\ v “; __________ 7
In Sec. Il the naive MCT-PRISM and activated hopping [ oo :EBEUE555555==V=== ===
. . . . « 0 N 1 N 1 M Y-8~
theories are briefly reviewed. Numerical results for a “non- 0 01 02 03 0.4

equilibrium free energy” are given and analyzed in Sec. lIl.
Section IV presents calculations of the barrier hopping time
and kinetic gel boundaries and application to the problem of FIG. 1. Naive MCT-PRISM theory predictions of the ideal gel
gel collapse. The shear viscosity is studied in Sec. V. Thdansition boundaries fdR;/R=0.025, 0.06, 0.09, and 0.37. Dashed
paper concludes in Sec. VI with a brief discussion and sumlines are power law curve fits for the lowgrregion.
mary.
the role of a scalar dynamic order parametef,.
:\J'/<[r(teoo)—r(t:0)]2>, which obeys the self-consistent

Il. THEORY equation[32]
The two-component polymer—hard sphere particle model a= 1 f ) dc[qzxpséz(q)é(q)e(qzma)[ulls(q)]] (1)
and PRISM theory4,5], naive ideal MCT[26,31], and the 1272 J

barrier hopping approacf32] have all been discussed in , ) . .
great depth in prior publications. There are three key systenynered is the wave vectora=3/(2 r;"), ps is the particle
parameters: the polymer-particle size asymmetry fagidr, number density, an€(q) and S(q) are theeffectivedirect
the Polymer *concentrationp or its dimensionless version correlation function[26,37 and dimensionless colloid col-
c,/c, wherec,, is the dilute-semidilute crossover concentra-lective structure factor calculated fronwo-component
tion F36], and the particle volume fractiop. We consider the PRISM theory, respectively. Equatiofl) determines the
athermal or good solvent entropy controlled regime, whichpolymer and particle densities that define a gel boundary as
corresponds to monomer-monomer excluded volume interaswhen one nonzere (localized solution emerges. Represen-
tions between the threadlike chains and between monometative results are shown in Fig. 1. Prior work has established
and particleg5]. An version of PRISM theory5] that self-  that the shape of the gel boundary is a fractional power law
consistently includes the consequences of nonlocal confoat relatively low¢ and exponential at high volume fractions,
mational entropy effects is employed to determine the thre@and the gel boundaries shift up with increasing size asymme-
pair correlation functions and partial static structure factordry ratio [26]. For relatively low volume fractions one finds
which are the required input to naive MCT and its activated gel
barrier hopping generalization. EP_ =A¢”Y, ¢<0.2-0.3, 2)

Our focus is not on the ultrahigh particle volume fraction P
regime where glassy physics is dominant and/or strongly in- . . . .
terferes with attraction-driven gelatidr28]. The very low Wf}tgeyzg.zjo._%?and d IS a wiakly (l)n(c);easggi;unctloE of
volume fraction regime is also not of prime interest. Rather\%‘i;de’rgrljn A of\E?ze ;Sn mvrf]‘gtes /rgr_na 0'25 tg 3'7 A(t)\llﬁr r:e?
our main focus is the moderately = concentratée volume f?actions the yeI bouﬁ%ar_h.as a; éx 6nentigl form:
~0.1-0.4 and highly size asymmetritRy/R<1) regime 9 y P '

where direct nonergodic fluid-gel transitions often occur. -In(¢)=a+bU, ¢=0.2-0.3,
3¢ R
A. Naive MCT-PRISM theory U=—-5— (3)
2 ¢, Ry

Naive MCT[31] combined with two-component PRISM '\ harea—1. andb increases from-0.15 to 0.34 as the size

theory [5] allows predictions of the ergodic-nonergodic gel 5oy mmetry ratidRy/ R increases from 0.025 to 0.326]. The
boundary, particle Iocallzatlpn length, _and elastic Sh‘z"""buantityu is the strength at contact of the classic Asakura-
modulus. A standard dynamically effective one-component ggay g (AO) depletion attraction[1,2]. The predicted
appmf”“:h IS _adopteﬁZO—Z?,BZ. The key quantlty IS the shapes and trends of the gel boundaries are in good agree-
long time limit of the force-force time correlation function ment[26] with several experiment®,12,16,20 under con-
experienced by a single particl(t— o)=(f(0)-f(t—=)).  ditions where sedimentation of cluster aggregates does not
The long time limit of the particle displacement plays occur. Calculations of the elastic modulus are also in accord
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with experiment where novel effective power law scalings
with Ry/R, ¢, and ¢ are predicted and observgt8,26,3Q.
The importance of polymer-induced particle structural reor-
ganizations on th&, scale in determining the predictions of
MCT-PRISM theory has been explicitly documen{@é,30.

B. Barriers and hopping transport

To treat activated processes the IMCT nonergodicity tran-
sition is interpreted as signaling the emergence of finite bar-
riers in a dynamically defined landscape and strmagsient
localization. As discussed in depth previou§82], the be- ) ]
yond MCT approach has not been rigorously derived, but can oA 0.1 02 1, 03 04
be motivated in two distinctput equivalent in practice L r/D
ways. Briefly, the first motivation is in the spirit of Brownian

. . .. FIG. 2. The “nonequilibrium” free ener er partidi@ units
motion or Kramers theory. The central dynamical quantity is, d gy per partidie

: A h . . of kgT) for Ry/R=0.06, $=0.4. The ergodic-nonergodic transition
the scalar single particle dynamical variabigt), the dis- s foyng atc,/c,=0.0563, where a local minimum first emerges.

placementof a particle from a random initial location. The The focalization lengtlir, ), barrier locatior(rs), and barrier height
second motivation is in the spirit of dynamic density func- (r,) are indicated.

tional theory [38], or time-dependent Landau-Ginzburg
theory for a nonconserved order paramé&B8, wherer (t) is
a particle displacement partially average@mbarse grained

Although description of the derivation is beyond the scope of
the present paper, it has been shown that @y.follows

) . s stochastif,y  contraction and closure of the equation of motion for
eqyann of mot!on forr(t) the con_structlon. Of,Wh'_Ch_ IS the density field at the simplest level of the scalar mean
guided by three ideagl) The short time motion is Fickian gquare displacement. At this level the fluctuating forces are

diffusion. (2) In the absence of thermal fluctuatio®isd,  {escribed by the simple white noise form originally adopted
ideal MCT * is assumed to correctly predict the tendency tg, heuristically motivated theory.

localize in a cage. Hence, in the deterministic limit the naive 5 nonequilibrium “free energy” per particlén units of

IMCT localization condition should be recovered. This ideakBT) is introduced to quantify theifferencebetween local-
guides the construction of displacement-dependeeffec- .o (nonzeroa) and delocalizeda=0) states. It is con-

tive cagingforce —dF/dr, which favors localizationF is structed in the spirit of density functional the 32 38:
called a “nonequilibrium” or “effective” free energy but does P y d31,32,38;
S(@)?
2

not have a rigorous equilibrium meanin) Ergodicity re- 3 1 >
storing fluctuations destroy the naive MCT glass transition Fla)=2Ina- 2 dapaCla)
e ; 2 2 1+5(q)
via activated hopping. 5
The resulting nonlinear stochastic equation of motion for xex 1(1 + i) (5)
r(t) in the overdamped limit corresponds to a force balance S/ |

da
[32]: H Gy ” H H
The leading “ideal” term favors the fluid state, and is of a

d d? strongly localized form which is adequate for our purpose of

_5':‘* m:mﬁrzo (4) describing the local barrier hopping processes on the less
than one particle diameter length scf8&]. The second “in-

where (s is a short time friction constant due to binary col- teraction” contribution corresponds to an entropic trapping
lisions [40], {s=£09(D), {o=kgT/Do=3mD; is the Stokes- potential favoring localization. Minimization of E@5) with
Einstein friction constanty, is the solvent viscosityDy is  respect tax, or solution of Eqs(4) and(5) in the absence of
the Stokes-Einstein diffusion constant, ag(@) is the con-  noise, yields the naive MCT localization condition of Et.
tact value of the particle radial distribution functiptil]. The = Beyond the ideal MCT gel boundary an intensive barFigr
use of two-particle hydrodynamics to quantify the short timeand local minimum and maximum appear Ffr). An ex-
friction constant yields nearly identical results for hardample is shown in Fig. 2 wheruep/c; is the control param-
sphere colloidg[32]. The white noise fluctuating force is eter. Characteristic lengths include the location of the mini-
taken to be statistically uncorrelated with the tagged particlenum (“localization length” r;), local maximum (barrier
position and velocity and satisfigsf(0)5f(t))=2871(8(t).  locationrg), and a “diffusion length’Lp, defined as the dis-
This choice is made in analogy with the stochastic descripplacement beyond which the interaction part of the caging
tion of the scalar dynamic variablgeaction coordinajein ~ force is negligible[32]. As polymer concentration increases
Kramers theory or a nonconserved scalar order parameter beyond the ideal MCT transition valué® the location and
model A of dynamic critical phenomeh@9]. In principle the  height of the barrier increase and the localization length de-
noise can be multiplicative which would be a serious technicreases.
cal complication. A derivation of the present approach based The mean first passage, or hopping, time follows from
on the single particle density field as the central quantity ha&ramers’ theory{43] in the high friction, overdampectif-
recently been achieved and the noise is multiplicaf42].  fusive barrier crossingimit as [32]

d
- gsd_tr
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T _ 27Tg(D) eFB DO

70 VKoKg S@[G(D)(Q) ™+ (Zhod £0)]

where 7,=D2{,/ksT is the elementary Brownian diffusion where d(q)=[1-jo(qD)+2j,(qD)]™, jk(x) is the spherical
time, g(D) is the colloid-colloid radial distribution function Bessel function of ordek, and the friction constant is a sum
at contact, and, andKg are the absolute magnitudes to the of the short time and hopping contributions,

well and barrier harmonic curvatures in units kdT/D=, _ B P

respectively. For e=100 nm particle in toluene at room ¢hop= ke T/Dhop = 6ke Thog/ L. 12)
temperaturero~107%s. The use ofy(D) in the short time  No adjustable parameter calculations of the relaxation time,
friction is well established in hard sphere suspensions wherghear viscosity, self-diffusion constant, and other quantities
it quantifies the binary collision ratet0]. The situation for have been previously shown to be in good agreement with
sticky colloids is far less understood due to the potentiakxperiments on glassy hard sphere suspensions up to
importance of both attractive and repulsive forces. Here we-0.57-0.5832)].

adopt the Enskog picture that the repulsive fordeimary

hard core collisionsmake the dominant contribution to the IIl. NONEQUILIBRIUM FREE ENERGY

short time friction with depletion attractions only enhancing

the collision rate. We have performed calculations based on In this section numerical results are presented for the
two extreme choices for the contact value: the hard sphereéharacteristic length and energy scales=af). Emphasis is
Percus-Yevick resulty,(D), and the full polymer-induced placed on identifying the dimensionless varigblehat re-
depletion attraction resulg(D), determined from two- sultin a master curve for the barrier and dynamic prefactor
component PRISM theory. Since the hopping time is domidin Ed. (6).

nated by the activated barrier contribution under the condi-

tions of interest, this prefactor uncertainty introduces very A. Length scales

little ambiguity in our theoretical analysis; unless stated oth- The location of the minimum oF(r), or the localization

erwise all calculations emplog(D). In the highly viscous length of MCT, r,, is shown in Fig. &) as a function of

fluid phase, the hopping time is expected to be closely cor: olymer concentration normalized by the MCT gel value for
related with the flow or structural relaxation time. Deep in PO y 9

the qel state it reflects the tvpical lifetime of a “depletion several different volume fractions and size asymmetry ratios.
bonogl]” yp P Nondimensionalization of, by the polymer radius of gyra-

To compute macroscopic viscoelastic properties th et|on (characteristic range of depletion attracioand poly-

) S mer concentration by its ideal MCT gel transition value, re-
Greer)-Kubo re""?"on.s simplified by the standard M.CT de'sults in a rather good collapse for fixed volume fraction. As
coupling approximations are employed. The elastic she

: S ) aﬁreviously discussef6], the localization length decreases
modulus is calculated as in ideal MCT the¢B0-29: as a power law with reduced polymer concentration,

(6) Dg(q) = (11)

T (" 2 -
o= o dQ(qza% In S(q)) 8 (7) oo (e g™ (13
0 withv ~2-3 forcp/cge'> 1.05. This behavior is the origin of

where the localization parameteris computed from Eq1).  the MCT-PRISM theory prediction of a power law concen-

In the highly viscous regime the shear viscosity can be estitration dependence for the elastic shear mod[d&s26,30Q.
mated from a simple Maxwell modé#4] argument as Figure 3b) shows that the dependence of the barrier lo-
_ G 8 cationrg on system parameters is very different from that
n=7n.+ G0 ®  found for the localization length. With increasing polymer

where 7..= 7,9(D) is the high frequency viscosity in the bi- concentration or volume fraction the barrier location
nary collision based approa¢#0]. Similarly, a hopping dif-  creasesand hence the “jump distance” from the minimum to

fusion constant follows from Fick’s law as the barrier maximung“transition statey increases as the gel
) state is more deeply entered. In contrast to the localization
Dhop= Lp/6, (9 length, nondimensionalization of the barrier location Ry

does not result in a near collapse of the results. Nondimen-
sionalization by the particle diameténot shown yields a
plot that is qualitatively the same as FighB
Physically, the barrier location can be interpreted as the
displacement which most severely distorts the local struc-
ture. For sticky colloids, this distance is influenced by both
the short range depletion attraction and the hard core repul-
sive forces. The relevance of two length scales qualitatively
1 rationalizes the numerical calculations which find the mag-
DY) (10) nitude of the barrier location is considerably larger thyn

but smaller than a particle radius. For example, cfgrcge'
The cage diffusion constant is ~2 and ¢=0.4, the barrier location in units of the colloid

wherel is simply estimated as (Bfollowing prior work
[32]. A full Green-Kubo calculation of the viscosity and self-
diffusion constant also follows prior woifl82]. The hopping
contribution to the friction is combined with the accurate
description of Coheret al. for the short time “binary colli-
sions in a mean field cage” asp§40]. The shear viscosity is
then given by[32]

keT [~ (a )2
=g+ 2| dgcf| =1
7=t oo ) qcq aan(q)
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30 d T d T T T T T T T T T
—— R R=0.025
_— RJR=0.06 _

(c/e, )RR,

FIG. 4. Barrier heightin units of kgT) for Ry/R=0.025(solid
lines), 0.06 (dashed lines and 0.09(dot-dashed lingsand ¢
=0.06(crosse} 0.1(circles, 0.2 (squarey 0.3 (diamond$, and 0.4
(triangles as a function otcp/c:)) (R/Ry).

aspect is most important deep in the ¢abh cp/cge') where
the barrier location becomes nearly independent of the size
asymmetry ratidrange of depletion attraction

B. Barrier height

Figure 4 shows the barrier as a function of reduced poly-
mer concentration multiplied by the inverse size asymmetry
ratio; the abscissa has the same polymer concentration and
size asymmetry dependence as the classic AO middg]

T T T for the contact depletion attraction strength. Results for a
ok ] wide range of colloid volume fractions and three size asym-
. metry ratios are given. At fixed,/c, the barriers get larger
] with increasing(decreasing¢ (Ry/R). This trend simply re-
: flects the ease of gelation at the ideal MCT le(€ig. 1).
Qmo.z— i Qualitatively the same dependencieskgfon cp/c:J are ob-
- :_"g; ; ta.m.ed for differentp or Ry/R suggesting an underlying sim-
—e0=04 plicity exists.
01F R Re0025 | Our search for a scaling variable that can collapse the
- RE,H,'O(,I ) results in Fig. 4 is motivated by the relevance of polymer
== RJR=0.09 concentration compared to its critical MCT valug,
© 0y S — —cge')/c;. Figure 5 shows that the composite variaklée-
fined as
FIG. 3. (a) Reduced particle localization length as a function of x=A(¢)(Ry/R)*(c, - Cgel)/C; (14

cp/cge' for Ry/R=0.025(solid lines, 0.06 (dashed lines and 0.09
(dot-dashed lingsand volume fractions of$=0.1 (circles, 0.2

(squares and 0.4(diamonds. (b) Barrier location in units of the
polymer radius of gyration as a function o;/cge' for the same
conditions as ina). (c) Barrie*r location in units of the hard sphere A(¢p) ~ 13.54 + 15.6(;52, (15)
diameter as a function m‘p/cp for the same conditions as {@).

results in an excellent collapse of all the barrier height cal-
culations. The shift factor in Eq14) is well described by a
quadratic function

with deviations of less than 10%. Moreover, the master curve

diameter(Ry) is approximately 0.1411), 0.2 (6), and 0.25 &N be represented as a simple power law:

(5) for Ry/R=0.025, 0.06, and 0.09, respectively. In contrast, Fg = 1.35¢446 (16)

for glassy hard sphere fluid82] the barrier location varies

from ~0.25 to 0.4 particle diameters as the volume fraction! his two-parameter representation is not unique; a parabolic
increases from 0.52 to 0.62. This suggests that the most ufit (not shown works nearly as well:

favorable_displacement in dep_letion gels is dgtermined as a Fo= 1.3+ 0.29C. 17)
compromise between breaking the depletion attraction

“bond” and disturbing the repulsive force aspects of cageEquations(14) and (16) imply a roughly linear dependence
structure. Evidence is presented in Figc)3that the latter of the barrier on inverse size asymmetry ratig>R/R;.
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30 T4 R JR=0.025 §=0.06 T T T i 0.07 T T T T T
o RyR=0025¢=0.1
25F | @ RyR=0025¢=02 0.06 .Ae . ]
o R /R=0025¢=04 i .
0.05- A
a R/R=0.061¢=0.1 9 ° vo o o $=0.LR/R=0025
20 | o R/R=0061¢=02 "~ . oe o =02, Rg/R=0.025
» R/R=0.061¢=04 M 004 te® 4 ¢=04.R R=0025
Fyish |+ R/R=0094=006 et L o $=0.L,R /R=0.061
A RJR=009¢=0.1 = 003 K sa $=0.2,R /R=0.061
R /R=0.09 ¢=0.2 a ¥ goaf ROy
oL |  JR=0.09 ¢=0. = 5% s $=04,R R=0.061
4 R/R=009¢=04 0.02- Ll o (=0.1,R /R=0.09
b - a + $=02R R=009
sk - 0011 _opee® s $=04,R R=0.09
[ 1 0 L [ T ]
L L + 0 0.5 1. 25 3

g 6 Il *I-I.S 5 2o
0.75 (cp_cpgel) /e (cfe,) "¢ RS/R)

2
x=A($) R /R)

FIG. 5. Master plot of the barrier height as a function of the FIG. 6. Dynamical prefactor as a function of a composite vari-
reduced variable=A(¢) (R/Rg)°-75 (cp—cge')/c* for Ry/R=0.025 able for the several indicated values of volume fraction and size
p /' ™p e

0.06, 0.09 over the volume fraction range=0.06—0.4. The solid asymmetry ratio, and a range of reduced polymer concentrations. A

line is the two-parameter curve fig=1.3546 rough linear correlation is found.

This trend is analogous to the simple Asakura-Oosawa model 9b) (% _3/2¢_2<5q>2 (193
result for the contact depletion attraction of two large col- VKoKg c; R/

loids dissolved at infinite dilution in an ide@ldilute) polymer )
solution[1,2] Clearly the dependence of the prefactor on system variables

is far weaker than the exponential behavior of the barrier
_3¢R contribution to the hopping time. We do not claim the scaling

AC™ 2c;Rg' in Eg. (199 is unique, but the level of collapse it affords is

) . meaningful since the barrier ranges freri to 25 over the

However, the nonlinear dependence of the barrier on polyrange of system parameters that define the abscissa in Fig. 6.
mer concentration, and strong dependence on colloid volume \we have also empirically discoveréplots not showpan
fraction, have no counterpart in the AO model. Physically, angjternative representation of the dynamical prefactor in terms
increasing barrier with volume fraction makes sense in termgs the polymer concentration reduced by its value at the ideal
of the number of “bonded” neighbors or a sticky coordina-pcT gel transition and the composite variablin Eq. (14).

tion number(number of neighbors within the depletion at- Thjs representation is primarily of theoretical interest, and is
traction rangeR;) which PRISM calculationgnot shown  given by

find increases monotonically witkb in a manner qualita- 5
tively described by Eq(15). 1 _ (Bq) (1.8+2007!

(18)

—_—

VKoK

C. Dynamical prefactor
. . g(D) = a; + ayx,
The well (Ky) and barrier(Kg) curvatures enter in the

prefactor of the hopping time in E¢6) and depend on all the a, = 2(Rg/R)2’5¢‘3’5
system variables. Multiple calculatiofisot shown find that '
2 . .
Ko~ 1/rj,. (as previously found for hard sphere suspensions a,= (R/R)(3.4+ 4 + 204?). (19b)

[32]), which implies the well curvaturgrows strongly with

polymer concentration as a power law with exponents

~4—6. The barrier curvaturdecreasesn a power-law-like IV. LONG TIME DYNAMICS

fashion as(cp/cge')”, but more weakly since~-2 to -3. By combining Eqs(6), (14)—(16), and(19b), an approxi-

The dynamical prefactor also involves the contact value ofmate but rather accurate “universal expression” for the hop-

the particle radial distribution function, which increasesping time can be written down. However, such a collapse

rather gently with polymer concentration, particle volumeonto a master curve requires knowledge of the difference

fraction, and size asymmetry due to enhancement of thbetween the polymer concentration and its ideal MCT gel

depletion-driven local particle clustering procé¢S$ boundary value. The latter generally cannot be unambigu-
To facilitate a compact representation of our numericalously extracted from experimental data. Hence, in this sec-

results in a form most appropriate for comparison with ex-tion we first present model calculations of the hopping time

periment, we have searched for empirical representations dfi a format relevant to experiment.

our many calculations of the prefactor. For several size ) o

asymmetry ratios, volume fractions, and polymer concentra- A. Activated hopping time

tions not too close to the ideal MCT boundary, Fig. 6 shows Numerical results are given in Fig. 7 for the dimension-

that the dynamical prefactor roughly follows the scaling  less hopping timer/ 7, as a function ofcp/c;, over a wide
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17/1:0

C R 3/4
X |n(T/To)ZQ+ClG(¢)‘g<_> =Q+Fer (20
o Ry

o Rg/R=0.025

S ﬁﬁiﬁl wherec; ~ 4.2 is a numerical constant, and an “effective bar-

of Gt ! rier” Fo¢ has been defined. The latter is a meaningful inter-
104' AL 8. | ;4 pretation since Fig. (b) shows thalQ is a constantpreexpo-
(b) G(®) (e /c) RR 075 nential factor, which is essentially identical f&;/R=0.06
P g and 0.09(Q~-26.9 and modestly smaller for th&,/R

=0.025(Q~-30.5. The very small value of) is not sur-

Brownian time as a function ofG(¢) cp/c:) for Ry/R=0.025 prising since I represen_ts an “appare_nt”_prefact_or only, not a
(circles, 0.061 (squares and 0.09(diamond$ over the rangep physical property, the important point IS thex is nearly
=0.06—0.4G(¢) is defined by Eq(20). Solid lines are exponential constant,“lndependent Of all system variables. The shapes of
fits. (b) Same data as ife) but plotted as a function oB(¢)(c, all three “master curves” in Fig.(d) are virtually identical,
1¢,)(Rg/R)*™. Solid lines are exponential fits. and theR,/R=0.025 results can be collapsédot shown

onto the other two sets of calculations by either a rigid up-

ward shift, or modest change of the fractional exponent in
the size asymmetry ratio dependence from 0.75 to 0.68.
Equations(20) and (21) are of practical importance since
‘experiments cannot separate contributions from the dynami-
cal prefactor and barrier to the observed relaxation time.
Since Kramers theory is only valid for barriers in excess of
kgT, Eq. (21) applies over essentially the entire regime of
validity of the calculation.
It is interesting to note that the form of the effective bar-
- 2 rier in Eq. (21) is qualitatively identicalsimilar) to the AO
G(¢)=05+7.8+ 274" (20 contact value of Eq(18), or the dilute particle limit of
PRISM theory resul{5] of (27/8)(R/Ry)(cy/c,), with re-
This shift function differs from its counterpa#i¢) for Fg in gards to the polymer concentratigimverse size asymmetry
Eq. (15) due to the contributions from the dynamical prefac-ratio) dependence. Moreover, in the dilute limit the numeri-
tor in Eq. (6). Beyond the low barrier regim@oughly 7/ 7,  cal prefactor of the effective barrier igG~ 2, again close to
>10-50, the hopping time is an exponential function of the AO result. We do not have a deep understanding of these
reduced polymer concentration, and nearly an exponentigurprising simplicities since Eq21) emerges from the nu-
function of volume fraction. The corresponding slope of themerical calculations as the combined consequence of the bar-
log-linear plots systematically increase with decreasingier and dynamical prefactor in E¢g). In an attempt to gain
/IR more insight and explicitly make qualitative contact with the
Figure 7b) shows that the slope variations of the hoppinganalog of the AO “effective pair potential” between particles,
time in Fig. 1a) can be collapsed over eight or more orderswe consider the integral equation version of a renormalized
of magnitude variation by rescaling the control variable bypair attraction strength which includes many body effects:
the inverse size asymmetry ratio raised to th&/4 power. the effective direct correlation function at contaCg(r
This results in curves of nearly identical shape given by  =D). Figure 8 shows that over a wide range of volume frac-

FIG. 7. (a) Activated hopping timein units of the elementary

range of volume fractiong¢=0.06—0.4 and three size
asymmetry ratios. Figure(& constructs a master curve for
the polymer concentration and particle volume fraction de
pendences at fixedsize asymmetry ratio. The concentration
has been rescaled by a volume fractitnt Ry/R indepen-
den) function which empirically collapses all the volume
fraction results,
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tions. The modest nature of the gel boundary shifts reflects
the rapid growth of the barrier with polymer concentration.
Moreover, the shape of the kinetic gel boundaries is nearly
identical to the results of Eq$2) and(3). For example, the
kinetic gel boundaries follow the power law form in EQ)

with slightly (~10%) larger effective exponents. Hence, na-
ive MCT appears to be a reliable approach for predicting the
shape and location of kinetic gel boundaries, and the previ-
ously demonstrated good agreement with experirfi&sitfor

this aspect is not fortuitous.

o 0.1 0.2 0.3 04
) C. Gel collapse

FIG. 9. Kinetic fluid-gel boundary foRy/R=0.06 defined as Kilfoil et al.[34] have recently studied the effect of aging
when the hopping time equals 1 minggguarel 1 day(triangles, and gravity-driven gel collapse for a large colldisilica)—
and 1 year(inverse trianglesfor an elementary Brownian time of biopolymer (carboxymethylcellulosesuspension. The silica
75=5.7 ms. The ideal MCT gel boundargircles is shown for  radius is 250 nm, implying a Brownian time e§~1 s. The
comparison. polymer molecular weight was 60 000, bj was not re-

ported; avery crude estimate might be 6 nm which would

tions Cey(r =D) is strongly correlated with the AO-like mea- Yield R/R;~40. The time scaler for the onset of gel col-
sure of depletion strengutR/Rg)(cp/c*) Of course. in con- lapse was measured as function of polymer concentration for
/- '

trast to the dilute particle theorie.(r=D) increases with V& Samples with volume fractions in the rangé

volume fraction in a manner that can be fit in many Ways=0.06—0.2. The characteristic collapse times fall in the range

including a low order polynomial or the exponential law ?L’lleo';?rgl?a hén?:g t%l:aesztlzn Isr'vr:]r:a?]ttze;so;:] pr?:.g?ghgﬁﬂﬂgt
shown in Fig. 8. A naive interpretation in the AO language Ime | v Xper initiat ev

might be thatCeﬁ(r=D)/[(1.5R/Rg)(cp/c;)] quantifies the triggers gravity-driven macroscopic gel collapse.

B : X . . Experiments find the gel collapse time increases dramati-
number of contact depletion bonds” per particle. Adopting o . ) .

) ) e ) ; cally with increasing polymer concentration agdFor fixed
this perspective, the results in Fig. 8 imply the physically

reasonable result of 2-5 “bonds” per particle as the Volumcollmd volume fraction,r depends exponentially on polymer
fraction increases from-0.1 1o 0 4. concentratlon T~ ex;{b(¢)cp] in agreement with Eq.
’ ’ (21) and the results in Fig. 7. The effect of volume fraction
o _ ) on the polymer concentration dependence was described by
B. Kinetic gelation boundaries an empirical functiorb(¢) which was found to be a linear
Prior work has suggested the naive MCT-PRISM ap-function of volume fraction for the four samples in the range
proach can provide a surprisingly good description of thep=0.1-0.2. This implies an exponential dependence of the
shape, and even the quantitative location, of experimentael collapse time on colloid volume fraction, again in agree-
fluid-gel boundarie$26]. However, if the crisp MCT singu- ment with the results of Fig. 7. For thg=0.06 samplé(¢)
larity is destroyed and replaced by a barrier hopping proceswas roughly the same as for tlge=0.1 sample. This obser-
then, in analogy with a glass transition, a gelation boundaryation is puzzling. For a truly nonergodic gel we do not
can only be defined kinetically as when the relaxafioop-  expect the hopping time should be independent of volume
ping) time exceeds a characteristic experimental time scaldraction. Whether it reflects new physics is important at very
The question then arises: how different will such kinetic gellow volume fractions, such as a different cluster structure of
boundaries be compared to their ideal MCT analogs? Thighe gel, hopping or depletion bond breaking not being the
issue can beyenericallyexplored using Eqs(6), (14), and  rate limiting step for macroscopic gel collapse, or strong hy-
(15) and(19). to define a kinetic gel boundary analytically as drodynamic effectgsolvent flow, is unclear.
when the hopping time exceeds a prescribed experimental It seems useful to try to check if the theory can rationalize
time scale. The kinetic gel boundaries thus defined will dethe order of magnitude of the observed collapse times. For a
pend to some degree on material-specific factors such as cd@0% volume fraction suspensmn with 0.5% polymer by
loid size, solvent viscosity, and all the system parameters thaveight(corresponds roughly top/c ~0.2[45]) the collapse
determine the effective barrier and dynamic prefactor. time is ~700 h ~2x 10° s. From Fig. 7, for this volume
A numerical example relevant to recent experiments idraction, 7p~1's, and assumingR/R;=40, we find 7/ 7,
given in Fig. 9 forR;/R=0.06. A value ofry~0.0057 s is ~10°-10° s for cp/c ~0.16-0.25. Slnc«-: «R,, the lat-
chosen which corresponds t6100 nm diameter silica nano- ter range ot /c foIIows from only a~ 15% varlatlon ofR,.
particles in decalin at room temperatlife2,13. The kinetic ~ The hopplng t|me is extremely sensitive to reduced polymer
gel boundary is defined as when the hopping time equals eoncentration due to the exponential dependence ir{ g,
selected time scale ranging from one minute to one year. Thi¢ also is predicted to increase strongly wiR/Ry. Thus,
kinetic gel boundaries necessarily occur at higher reducedccurate knowledge d®; is necessary input to quantitative
polymer concentrations than the naive MCT predictions, bupredictions of the theory via both thg,/R ratio andc
only by a factor of 2-3 over a wide range of volume frac- Hence, given the absence of accurate experimental knowl-
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108 — T, T 1
o cfe, 0245 R R=0.025
F O jc, <0245, R JR=0.06
Fo c e, <0245, R /R=0.09
.o c p/cp'=o‘15, R /R=0.06
E
Ee ¢ ‘/cp8=0.2, R /R=006
10" m c e ’=0.4,R R=006

— T 5-6 orders of magnitude are rather well fitted-asxp(\ ¢);
the “activation” prefactor for different polymer concentra-
tions and size asymmetry ratios fall in the range )of
~170-260. As true for the dimensionless hopping time in
3 the format of Eq(21), the numerical prefactor is very small.
The data in Fig. 1&) can also be collapsed rather well by
empirical horizontal rescaling of the volume fractiénot
s shown, but the required scaling factor is not simply related
] to polymer concentration, size asymmetry ratio, nor the ideal
MCT gel volume fraction.

Figure 1Qa) also demonstrates that an alternative

a3

10

nMm,

100(; 053 ‘:': N ER VB Y LA (e stretched exponential function very accurately describes
(@) [ seven or more orders of magnitude of the high viscosity
regime data
108 T T T T T T T T T I
o ¢=0.2,R /R=0.025 4
I o ¢=02,R/R=006 ! m _ A
P IR OT ; = Cexplbs (22)
o ¢=03,R /R=0.06 0
I a4 $=0.035R g/R=0.06 B
0104:_ o ¢=04,R /R=0.025 E where C~0.006-0.06 ando~1900+600. Curiously, we
§ s ¢=04,R/R=0.06 find the best fit effective stretching exponent is remarkably
J ! well described by a linear function of the ideal MCT gelation
10%F ] volume fraction:A=2.0+10.4p,4.. Hence, an interesting and
potentially testable correlation between the volume fraction
fa:n ' dependence of the viscosity and the absolute magnitude of
10T s s s the ideal gelation volume fraction is predicted.
(b) c fc & Figure 1@b) shows that the concentration dependence of
PP

the viscosity can also be interpreted in a two-regime manner.
FIG. 10. Relative viscosity as a function @) colloid volume !\/Ioreove_r, if_ the polymer concentration is nondimen_sional-
fraction and (b) reduced polymer concentration. Solid lines are 1Z8d Dy its ideal MCT gel value, then a nearly universal
stretched exponential fits and dashed lines are simple exponentigi@ster curve is found fap~0.1-0.35(not all shown in the

fits. Dotted lines in(b) are only guides to the eye. figure). The high viscosity regime can again be well fitted
over many orders of magnitude by a stretched exponential

edge ofR; and how nonadsorbing on silica this biopolymer

is, definitive quantitative conclusions are problematic, but it 7 oxnl dl 2 K
does seem the absolute magnitude of computed hopping o € cgel
times are plausible. More experiments are needed on well P
characterized model polymer-colloid suspensions, and the

role of polymer-particle size asymmetry ratio needs to bé/\{hereﬂ~2.3 and is_largely insensitive to volume fraction or
established. size asymmetry ratio, and~ 3.6 over a range of volume

fractions. However, systematic deviations from this nearly
universal behavior emerge at the highest volume fraction of
40% in a manner that depends strongly on the size asymme-
try ratio. This might reflect interference between the conse-
The shear viscosity of polymer-colloid suspensions hasjuences of depletion attraction and repulsive force caging
been computed using the PRISM and barrier hopping theceffects which become increasingly important as the glassy
ries plus Eqs(10—(12) over the same wide range of polymer volume fraction regime is approachgzb].
concentrations, colloid volume fractions, and size asymmetry All the numerical viscosity results in the three-
ratios studied in Secs. lll and IV46]. Figure 1@a) [Fig.  dimensional parameter space of volume fraction, polymer
10(b)] shows a log-linear plot of the viscosity over nearly concentration and size asymmetry ratio have been plotted in
eight orders of magnitude variation as a function of volumemultiple ways in an attempt to discover an underlying sim-
fraction (polymer concentrationfor three values of the size plicity. Given the dominance of the hopping friction in Egs.
asymmetry ratio. In all cases, a relatively weak increase of10)—<12) for the viscosity, and the central role played by the
the viscosity near the MCT gel boundary is followed by abarrier in determining the hopping time, a strong exponential
smooth, but rather sharp, crossover to a much stronger deorrelation between viscosity and barrier seems likely. This
pendence. is explicitly demonstrated in Fig. 11. A near collapse of all
The numerical results can be described in many ways. Ahe viscosity results is found beyond the threshold regime
two-exponential regime interpretation of the volume fraction[low barrier Fg<(3—-5kgT]. The corresponding master
dependences is plausible. FigurddGhows that the highest function is

(23

V. SHEAR VISCOSITY
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40 " T " T " T P VI. DISCUSSION AND SUMMARY
- * The microscopic naive MCT-PRISM theory of depletion-
%30- — RR0.06,0/c.'0.15 driven particle gelation has been extended to treat the emer-
[ -- R/R=006,c ./°:*=°~245 gence of barriers and activated transport. The barrier makes
m@ =+ RR=0.06,cc"=04 the dominant co_ntribu_tion to _the hopping ar relaxation
o~ 201 o R/R=0.09,c/c "=0.245 time and shear viscosity, and is a rich function of the deple-
g‘: B R/R=0.025,c /e =045 tion attractiqn strength via the polymer cor)centration,
< o+ R/R=0.06,¢=04 polymer-particle size asymmetry ratio, and particle volume
S ° is"‘:‘;gi“z“ fraction. The dependence of the barrier on these control pa-
- “ Rﬁ =0:06:tg:2 rameters can be accurately collapsed onto a single scaling
| variable, and the resultant master function is well described
05 10 30 30 0 by a simple power law. Given the ability to treat activated
Fy events and long time transport processes, a theory for kinetic

gel boundaries has been formulated and applied to interpret

FIG. 11. Natural log-linear plot of the viscosity multiplied by pe phenomenon of delayed gel flow and collapse. The form
the indicated scaling prefactor as a function of barrier height for gyt the kinetic gel lines is qualitatively the same as obtained
wide range of size asymmetry ratios, volume fractions, and reduceﬁom prior naive MCT-PRISM studief26]. Hence, the pre-
polymer concentrations. For a fixed volume fractipolymer con- viously documented good agreement of naive MCT-PRISM
cen_tratior) different pgints correspond to different polymer concen- predictions for fluid-gel boundaries and the elastic shear
trations(volume fractions modulus with experiments is not destroyed by the introduc-
tion of barriers and hopping transport. The “onset” of slow
dynamics, and the elastic modulusr the localization
length of the transient nonergodi¢caged’) state, are ex-
pected to be well described by ideal MCT.
) ) As true of all prior MCT type theories, there are potential
The simple form of the prefactor is not easy to understangimitations of our approach. These include the role of global
since many factors enter in its determination including thege| connectivity, percolation, fractal or dense aggregate for-
well and barrier curvatures, the short time friction constantmation, gravity-induced sedimentation, hydrodynamics,
and the structure factor and its d_erivative which quantify thegg/or metastable phase separation boundaries. In any spe-
“vertex” and Debye-Waller factor in the Green-Kubo expres-ific real material these poorly understood effects may or
sion Eq.(10). Apparently, the rather significant dependencemay not be important. We believe these complications are
of each of these different factors @i size asymmetry ratio, mgst relevant for relatively low volume fraction suspensions
and polymer concentration largely cancels out resulting iRyhich have not been buoyancy matched.
the weak prefactor dependences in E2f). Use of the sim- A dynamical theory for quantities such as the colloid
pler Maxwell model expression for the viscosity in H8)  mean square displacement, distribution of hopping times,
yields qualitatively identical behavior as found for the non-Gaussian parameter, and incoherent dynamic structure
Green-Kubo based analysis. ~ factor has not been worked out. However, this is not a fun-

By combining Eqs.(14)—(16) with Eq. (24) ananalytic  gamental limitation and can be addressed by employing
expressiorfor the dependence of the viscosity on the threegownian dynamics simulation to solve the nonlinear sto-
material control parameters is obtained which should be usgastic Langevin equation of the theory; work in this direc-
ful for interpreting expe.rimerjts. Buscatit al. [35] have _tion is in progres§49]. Finally, the methods and ideas de-
measured the shear viscosity of model polymer-colloidye|oped in this paper can be generalized to treat nonlinear
depletion systems over many orders of magnitude and fingiscoelasticity of depletion gels and phenomena such as
an exponential dependence on polymer concentration whice|ding, strain softening, and shear thinning. Such a gener-
is qualitatively consistent with our theoretical results. Al- zjization was recently carried out for glassy hard sphere sus-

though we have not computed the self-diffusion consant  pensiong[50], and its application to depletion gels will be
this is easily done using the results of this paper and priofeported elsewherg1).

work [32]. Previous studies of glassy hard sphere suspen-

sions with the present Green-Kubo based approach found a

Stokes-Einstein-like behavior hol@i32], soDs~ 7 tis also ACKNOWLEDGMENTS

expected for the depletion systems. Of course, “dynamic het-

erogeneity'{47], associated with a mesoscale domain picture This work was supported by the Nanoscale Science and
and/or fluctuations in the barrier hopping time beyond theEngineering Initiative of the National Science Foundation

mean first passage time Kramers approach, has not been axader NSF Award No. DMR-0117792, and the U.S. Depart-

plicitly taken into account. The barrier hopping theory hasment of Energy, Division of Materials Sciences under Award

been generalized to include both the former aspactl ap- No. DEFG02-91ER45439 through the UIUC Frederick Seitz

plied to hard sphere suspensiph48], and the latter aspect Materials Research Laboratory. Helpful discussions and cor-
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-1.5
7, ¢&<Cij> exp(Fy). (24)
o R Cp
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